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The thermal conductance associated with the lowest six types of ballistic phonon modes in quantum wire
with catenoidal contacts is investigated. The results show that the cutoff frequency for the four types of
acoustic modes is zero while two types of optical modes are of nonzero cutoff frequency. For a perfect
quantum wire, a quantized thermal-conductance plateau can be observed. While for the structure with catenoi-
dal contacts, the thermal-conductance plateau is broken and a decrease in thermal conductance appears. The
results also show that the reduced thermal conductance contributed from different vibrational modes has
different characteristics.
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I. INTRODUCTION

The thermal transport properties in quantum structures
have attracted increasing attention in recent years. Many in-
teresting physical effects are found in these systems such as
the universal quantized thermal conductance,1–3 thermal rec-
tification effects,4–6 negative differential thermal
resistance,7,8 and so on. Quantized thermal conductance by
ballistic phonon at low temperatures have also been pre-
dicted theoretically in dielectric quantum wires with catenoi-
dal contacts,1,9,10 in carbon nanotubes,11 and by electrons in
one-dimensional wire.12 Quantized thermal conductance by
phonons2 and by photons13,14 have also been observed ex-
perimentally, and the universal thermal quantum is always
�2kB

2 /3h. This indicates that the thermal-conductance quan-
tum is independent of the types of energy carriers, as re-
viewed by Wang et al.15 The thermal-conductance properties
have also been reported in various geometries such as quan-
tum waveguides with abrupt junctions,16 rough surfaces,17

structural defects,18 and stub structures,19,20 nanotubes,21,22

graphene nanoribbons,23 and so on. Now, it is known that the
lowest six vibrational modes with different characteristics
include four types of acoustic modes �namely, the dilata-
tional, torsional, and two types of flexural modes� and two
types of optical modes �namely, two shear modes�. In spite of
all of these advancements, theoretical treatment of the ballis-
tic phonon modes in quantum structures is still under debate.
Moreover, most of studies are restricted to thermal conduc-
tance of longitudinal �dilatational� mode. The thermal-
conductance properties for the other five types of vibrational
modes were paid very little attention.

In the present work, we study the thermal conductance
contributed from the lowest six lattice vibrational modes in
quantum wires with catenoidal contacts, as shown in Fig. 1.
The properties of thermal conductance in such structure have
also been reported theoretically.1,10 Rego et al. predicted the
universal quantum of thermal conductance. However, their
numerical studies are limited to only dilatational �longitudi-
nal� mode. Tanaka et al.10 studied the thermal conductance of

the six lowest vibrational modes in the same structure. How-
ever, in their calculation of transmission rate, a nonzero cut-
off frequency appears for the catenoidal structure.1,10 In the
present work, we derive a formula to calculate the acoustic-
phonon transport rate for the catenoidal structure, and find
that the cutoff frequency for the dilatational mode should be
zero, instead of nonzero cutoff frequency.

This paper is organized as follows. Section II presents a
detail description of the model and the formulas used in cal-
culations. The numerical results are given in Sec. III with
analyses. Finally, a summary is made in Sec. IV.

II. MODEL AND FORMALISM

We model the quantum structure with catenoidal contacts
as illustrated in Fig. 1. Two heat reservoirs with temperatures
T1 and T2 are connected by a catenoidal contacts. It is as-
sumed that the difference �T��T=T1−T2�0� is very small.
So we can adopt the mean temperature T �T= �T1+T2� /2� as
the temperature of the structure in following calculations.
For such a structure, the thermal conductance K for each type
of vibrational mode can be expressed as1

K =
�2

kBT2�
i

1

2�
�

�i

�

	i���
�2e
��

�e
�� − 1�2d� . �1�

Here 	i��� is the transmission rate for each vibrational mode
through the structure and �i is the cutoff frequency of the ith
mode. 
=1 / �kBT�, kB is the Boltzman constant, T is the tem-
perature, and � is the Plank’s constant. The effect of scatter-
ing of the catenoidal contacts is introduced through the trans-
mission possibility, 	i���, which determines the thermal
conductance. The key issue in predicting the thermal conduc-
tance is to calculate the transmission possibility, 	i���.

For the present structure, the equation of the motion for
dilatational mode can be written as24
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− ��x�A�x� + ���x� +
���x�

�x
��A�x� +

dA�x�
dx

dx�
= �A�x�dx

�2


�t2 , �2�

where A�x� is the cross-sectional area A�x�
=A�0�cosh2�x /��=h�L�x� and � is the mass density. Here, h
is a constant and L�x�=h�cosh2�x /�� is the width in the y
direction. Assuming the material is elastic, the stress of the
material can be written as �=Y �� /�x. Equation �2� can be
simplified as

��x�
�A�x�

�x
+

���x�
�x

A�x� +
�A�x�

�x

���x�
�x

dx = �A�x�
�2


�t2 .

�3�

If ignoring the third item of the left of Eq. �3�, then Eq.
�3� can be written as

�

�x
�A�x�Y

�


�x
� = �A�x�

�2


�t2 . �4�

According to the expression, it may result in the frequency of
acoustic wave satisfying the dispersion relation �2=vl

2�k2

+ 1
�2 �, as presented in the previous reports.1,10 This means a

cutoff frequency �D=vl /� will appear for the dilatational
mode. This will bring a problem, namely, the cutoff fre-
quency will result in the thermal conductance to be zero,
instead of quantized thermal conductance in the limit T→0.
We think that when third item of the left of Eq. �3� is con-
sidered, the problem can be solved.

For a nanoscale quantum wire, the stress is related to both
the configuration of the structure and the variation in the
temperature T so the equation of the motion of the dilata-
tional mode can also be written as

− ��x,T�A�x� + ���x,T� +
��1�x�

�x
dx +

��2�x�
�x

dx�A�x + dx�

= �A�x + dx�dx
�2


�t2 , �5�

where ��x ,T� is the stress at the position x with temperature
T, A�x+dx� is the cross section at the position x+dx, and
��1�x�

�x is the stress grad derived from the change in the cross
section A�x� while

��2�x�
�x is induced by change in the tempera-

ture along the x direction. Equation �5� can be written as

− ��x,T�A�x� + ���x + dx,T� +
��2�x�

�x
dx�A�x + dx�

= �A�x + dx�dx
�2


�t2 . �6�

It is well known that, for a quantum wire with tempera-
ture T, the thermal equilibrium equation can be written as

− ��x,T�A�x� + ��x + dx,T�A�x + dx� = 0. �7�

From Eqs. �6� and �7�, we can get the equation,

��2�x�
�x

= �
�2


�t2 . �8�

Here, it is presumed that the material behaves elastically and
follows the simple Hooke’s law,

��x� = Y
�


�x
. �9�

The dispersion relation can been written as

� = vlk , �10�

where, vl
2=Y /� and Y is Young modulus. Obviously, the cut-

off frequency is zero regardless of the geometry details. Note
that in quantum system, when temperature is low enough, the
stress grad due to the change in the temperature and structure
may be comparable to the stress itself. So the third item of
the left of Eq. �3� cannot be ignored for the present case.
However, for the system with large scale and higher tempera-
ture, the stress grad originating from the change in the tem-
perature or structure is much smaller than the stress itself,
and so the third item of the left of Eq. �3� can be ignored.

For the torsional mode, its equation of motion can be
expressed as25

�I�x�
�2�

�t2 =
�

�x
�C�x�

��

�x
� . �11�

Here, � is the angle of twist of the wire, I�x� is the polar
moment of inertia, and C�x� is the torsional rigidity. For a
quantum wire with temperature T, the thermal equilibrium
equation for the torsional mode can be written as

− M�x,T� + M�x + dx,T� = 0, �12�

here, M�x ,T�=C�x��� /�x is the torque at the position x with
temperature T. Equation �12� can be written as

− C�x�
���x,T�

�x
+ C�x + dx�

����x + dx,T��
�x

= 0. �13�

Equation �13� can be further written as

FIG. 1. Two heat reservoirs with temperatures T1 and T2 are
connected by a catenoidal wire with a rectangular cross-sectional
area A�x�=hl�x� �h is thickness in the z direction and l�x�
=cosh2�x /���.
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− C�x�
���x,T�

�x
+ C�x + dx�

����x,T� +
��1�x�

�x
dx�

�x
= 0,

�14�

where
��1�x�

�x is the angle grad derived from the change in the
cross section A�x�. The equation of motion of the torsional
mode can be written as

− C�x�
���x,T�

�x

+ C�x + dx�
����x,T� +

��1�x�
�x

dx +
��2�x�

�x
dx�

�x

= �Idx
�2�

�t2 , �15�

here,
��2�x�

�x is induced by change in the temperature along the
x direction. From Eqs. �14� and �15�, we can get the equa-
tion,

C�x + dx�
�2��x�

�x2 = �I
�2�

�t2 . �16�

From Eq. �16�, we can derive the dispersive relation of the
torsional mode,

� =
C

�I
k . �17�

From Eq. �17�, it is known that the cutoff frequency of the
torsional mode is zero and the torsional mode is also acoustic
mode.

In our calculations, the equations of motion for the two
flexural modes and two shear modes are same as the equa-
tions given in the Ref. 10. Note that the flexural mode is
acoustic mode with zero cutoff frequency but the shear mode
is optical mode with nonzero cutoff frequency.

Note that in order to numerically calculate the transmis-
sion rate for each vibrational mode through the catenoidal
wire, we first subdivide the wire into many small segments in
the longitudinal x direction so that each segment can be re-
garded as a uniform cross-sectional area. By using the bal-
listic boundary conditions and the scattering matrix
method,26 we can calculate the transmission rate and then the
thermal conductance can be obtained from Eq. �1�. In the
follows, we will numerically study the transmission rate and
thermal conductance for the lowest six types of vibrational
modes. The material for the structure is chosen to be GaAs
with Y =12�1010 N m−2� and �=5317.6 �kg m−3�.10

III. NUMERICAL RESULTS AND DISCUSSION

In Figs. 2�a� and 2�c�, we describe the transmission rate
and thermal conductance for the lowest dilatational mode
through the catenoidal structure. As a comparison, in Figs.
2�b� and 2�d�, we also give the transmission rate and thermal
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FIG. 2. �Color online� �a� and �b� describe the transmission rate versus reduced frequency �h /vl of the dilatational mode with the third
item of the left of Eq. �1� being considered and ignored, respectively. The dashed, dotted, and dashed-dotted curves correspond to d1

=2000, d2=50, �=860, and h=50 nm; d1=200, d2=50, �=86, and h=50 nm; and d1=20, d2=10, �=86, and h=10 nm. �c� and �d�
describe the corresponding thermal conductance divided by temperature K /T reduced by the zero-temperature universal value �2kB

2 /3h for
�a� and �b�, respectively. All structural parameters are same as �a� and �b�. The solid curve in �c� is the reduced thermal conductance for an
ideal quantum wire with structural parameters d1=d2=2000 nm.
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conductance when the third item of the left of Eq. �3� is
ignored. From Figs. 2�a� and 2�b�, it can be found that the
transmission spectra display different characteristics in both
cases. When this item is ignored, the transport is broken
when the frequency is smaller than the cutoff frequency, and
the cutoff frequency is dependent on the structural param-
eters. However, when this item is considered, the transport
always exists for all frequencies. The variation in the struc-
tural parameters brings different transport characteristics as
seen in Fig. 2�a�. A wide dip appears in the structure with
large difference between d1 and d2, and the dip becomes
narrow when d1 gradually approaches d2, which results from
the scattering degree of the structure on phonon being weak-
ened when the difference between d1 and d2 is reduced. From
Figs. 2�c� and 2�d�, it can be found that the thermal conduc-
tance also presents different behaviors in both cases the third
item of the left of Eq. �3� being considered and ignored. For
the former, the reduced thermal conductance always presents
a quantum plateau with the value �2kB

2T /3h for perfect quan-
tum wire, which is in agreement with the previous studies.1,20

While the structure is catenoidal wire, the reduced thermal
conductance displays a large dip at certain low-temperature
region when d1=2000 nm, and the dip becomes more
smaller when d1 approaches d2. This can be understood from

the transmission dip in Fig. 2�a�. The decrease in the thermal
conductance results from the attached scattering of the
catenoidal structure, and the scattering degree becomes small
when d1 is closed to d2. However, when T→0, the reduced
thermal conductance is always kept to be the universal value
�2kB

2T /3h regardless of the geometry details. These results
are also in agreement with the experimental results
qualitatively.2 When the third item of the left of Eq. �3� being
ignored, however, the reduced thermal conductance presents
fully different behaviors. The reduced thermal conductance
arises only when the temperature is higher than the certain
temperature where the phonon frequency is higher than the
cutoff frequency and is always increased monotonically with
increasing temperature. In such case, we cannot observe the
thermal-conductance quantum plateau even in perfect quan-
tum wire. This is obviously in disagreement with theoretical1

and experimental2 results. This indicates that the third item
of the left of Eq. �3� should be considered in calculating
thermal conductance.

In Fig. 3�a�, we describe the total reduced thermal con-
ductance contributed by the four acoustic modes and two
optical modes. When the structure is a perfect quantum wire,
a quantized thermal-conductance plateau appears with four
units of the universal value �2kB

2T /3h contributed by the four
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FIG. 3. �Color online� �a� corresponds to the total thermal conductance divided by temperature K /T reduced by the zero-temperature
universal value �2kB

2 /3h. The solid, dashed, dotted, and dashed-dotted curves correspond to d1=d2=50 nm; d1=60, �=5021.6 nm; d1

=200, �=1653 nm; and d1=2000, �=860 nm, respectively. Here, we take d2=50, a=2176.9, and h=50 nm. �b� and �c� correspond to the
thermal conductance for the lowest six types of vibrational modes divided by temperature K /T reduced by the zero-temperature universal
value �2kB

2 /3h. The solid, dashed, dotted, and dashed-dotted in �b� and �c� correspond to four acoustic modes, namely, dilatational mode,
torsional mode, and two flexural modes in z and y direction, respectively. The solid and dashed curves in inserted figure in �b� and �c�
correspond to two shear modes in z and y directions, respectively. The structure parameters in �b� and �c� are d1=2000, �=860 nm; d1

=60, �=5021.6 nm, respectively. Here, d2=50, a=2176.9, and h=50 nm.
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lowest acoustic modes. With the increase in the temperature,
two optical modes also make contribution to the thermal con-
ductance, then the plateau starts to develop at six units of the
universal value �2kB

2T /3h. However, when the perfect quan-
tum wire is broken and becomes a catenoidal structure, the
quantized thermal-conductance plateau is broken, instead a
decrease in the thermal conductance appears as the tempera-
ture goes up and the degree of decrease is increased when the
difference between d1 and d2 is increased. This agrees with
the experimental result qualitatively.2 It should be noted that
at more lower temperatures, a approximate quantized
thermal-conductance plateau can still be observed. Of
course, the length of the plateau is shorted. To further under-
stand the reduced thermal-conductance behaviors, in Figs.
3�b� and 3�c�, we give the reduced thermal conductance for
single vibrational modes. It can be found that the reduced
thermal conductances contributed from different vibrational
modes have different characteristics. Comparing Fig. 3�b�
with Fig. 3�c�, we can find that the reduced thermal conduc-
tance of single mode is sensitive to the variation in the struc-
tural parameters. Though at the case d1=2000 nm, quantized
thermal-conductance plateau cannot be observed except the
dilatational mode. However, at the case d1=60 nm, quan-
tized thermal-conductance plateau of single acoustic modes
at very low temperature can still be observed. From the in-
sets in Figs. 3�b� and 3�c�, it can be seen that the reduced
thermal conductances of the two optical modes are of similar
characteristics but different from those of single acoustic
modes. The reduced thermal conductances for both optical
modes have cutoff temperature and display monotonic be-
havior with the variation in the temperature. When d1 ap-
proaches d2, the reduced thermal conductances of the two
optical modes are joined together and are difficult to be dis-

tinguished. From these results, it is known that we can ob-
serve quantized thermal-conductance plateau with only four
units of the value �2kB

2 /3h. This is in agreement with the
theoretical predicts for the thermal conductance of single vi-
brational modes in various kinds of quantum systems such as
dielectric quantum wires.18,19

IV. SUMMARY

In summary, we study the reduced thermal conductance
contributed from the lowest six types of vibrational modes in
quantum wire with catenoidal contacts. The results show that
the cutoff frequency for the four acoustic modes is zero
while the two optical modes are of nonzero cutoff frequency.
When the structure is a perfect quantum wire, a quantized
thermal-conductance plateau with 4�2kB

2 /3h contributed by
the four acoustic modes can be observed. While the structure
is a catenoidal structure, the reduced thermal-conductance
plateau is broken and a decrease in thermal conductance ap-
pears due to the presence of the attached scattering by the
catenoidal contact. The reduced thermal conductances for the
two optical modes display a monotonic behavior with the
variation in the temperature. From these results, it is known
that the reduced thermal conductances contributed from dif-
ferent vibrational modes have different characteristics.
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